We prove sharp decoupling inequalities for all degenerate surfaces of codimension two in R 5 given by two quadratic forms in three variables. Together with previous work by Demeter, Guo, and Shi in the non-degenerate case, this provides a classification of decoupling inequalities for pairs of quadratic forms in three variables.
Introduction
We begin by recalling the definition of decoupling constants. Let d, n ≥ 1 be integers. For real quadratic forms Q 1 , . . . , Q n in d variables, consider the surface (1.1) S 0 = {(t, Q 1 (t), . . . , Q n (t)) | t ∈ [0, 1] d }.
For a dyadic cube ⊂ [0, 1] d with side length δ, we will use f to denote a function with (1.2) supp( f ) ⊂ {(t, Q 1 (t) + δ (1) , . . . , Q n (t) + δ (n) ) | t ∈ , |δ (1) |, . . . , |δ (n) | ≤ δ 2 }.
For 2 ≤ p < ∞ and a dyadic number δ ∈ (0, 1), the decoupling constant D S 0 (δ, p) is the smallest constant A such that the inequality (1.3)
where P(δ) is the partition of [0, 1] d into dyadic cubes with side length δ, holds for every choice of functions f satisfying (1.2); replacing the p L p norm on the right hand side of (1.3) by ∞ L ∞ gives the definition when p = ∞.
In this article we are interested in the case d = 3, n = 2. We will also use existing results for smaller values of d and n, which necessitates defining (1.3) in more generality. We will denote by (P, Q) a pair of real quadratic forms in three variables and by S the surface (1.4) S := {(r, s, t, P (r, s, t), Q(r, s, t)) | (r, s, t) ∈ [0, 1] 3 }.
Our goal is to prove, for every 2 ≤ p < ∞, an essentially sharp bound on D P,Q (δ, p) := D S (δ, p) as δ → 0. In order to formulate our results in a concise way, we introduce the sharp decoupling exponent (1.5) γ P,Q (p) := inf{γ ≥ 0 | D P,Q (δ, p) δ −γ }.
In other words, γ P,Q (p) is the smallest exponent γ such that, for every > 0, we have (1.6) D P,Q (δ, p) δ −γ− for every δ ∈ (0, 1).
1.1. Previous results. The case of linearly dependent P and Q is equivalent to the case n = 1 of (1.1). In this case, sharp decoupling inequalities were proved by Bourgain and Demeter [BD17b, Theorem 1.1]. Henceforth, we assume that P and Q are linearly independent. Moreover, we assume that there is no linear change of variables in (r, s, t) such that P and Q both omit one of the variables, as otherwise we can reduce to the case d = n = 2 that was considered by Bourgain and Demeter in [BD16] .
We say that the pair (P, Q) is non-degenerate if both of the following conditions hold:
(1.7) det(∇P, ∇Q, u) ≡ 0 for all u ∈ R 3 \ {0},
(1.8) P and Q do not share a common linear real factor.
Examples show that, for any pair (P, Q) of quadratic polynomials in 3 variables, the sharp decoupling exponent satisfies (1.9) γ P,Q (p) ≥ 3( 1 2 − 1 p ) if 2 ≤ p ≤ 14/3, 3 − 10 p if 14/3 ≤ p ≤ ∞, see (6.5). In the non-degenerate case, Demeter, Shi, and the first author [DGS19] (see also [GZo19] for a simplified proof) proved that, in fact,
Therefore, it is a natural question to find the minimal requirements for P and Q such that the decoupling inequality (1.6) holds with the smallest possible sharp decoupling exponent (1.10).
It was pointed out in [DGS19] that (1.8) is a necessary condition for (1.10) to hold: If P and Q share a common linear factor, then the surface S given by (1.4) is flat on the hyperplane determined by that common linear factor, and therefore we cannot expect any satisfactory decoupling inequality like (1.10). For a more precise argument, see (6.6).
It was also observed in [DGS19, Appendix] that (1.7) is necessary for the multilinear approach to proving (1.10), which originates in [BD15; BDGuth] , to work. More precisely, if (1.10) fails, then no collection of tangent spaces to the surface S can satisfy the transversality conditions in [BCCT08, Theorem 1.15, (c)] that characterize validity of Brascamp-Lieb inequalities, on which the multilinear approach relies crucially. However, the question whether the assumption (1.7) is necessary for (1.10) was left open.
In the current paper, we will give an affirmative answer to the above question, that is, we will prove that (1.10) holds if and only if P and Q satisfy (1.7) and (1.8). To this end, we will find the sharp decoupling exponents for every degenerate pair (P, Q). We will see that, for any degenerate pair (P, Q), the sharp decoupling exponents are strictly larger than (1.10) in some range of p's.
1.2.
Classification of pairs (P, Q). We say that two pairs of quadratic forms (P, Q) and (P , Q ) are equivalent if there exist two invertible real matrices L 1 ∈ M 3×3 and L 2 ∈ M 2×2 such that (1.11) (P (r, s, t), Q (r, s, t)) = L 2 · (P (L 1 · (r, s, t)), Q(L 1 · (r, s, t))).
This defines an equivalence relation, which we denote by (1.12) (P, Q) ≡ (P , Q ).
By changing coordinates, it is easy to see that
with an implicit constant depending only on L 1 and L 2 in (1.11), and in particular γ P,Q (p) = γ P ,Q (p). The following result describes all possible sharp decoupling exponents for two quadratic forms in three variables that do not omit any variable.
Theorem 1.1. Let (P, Q) be a pair of linearly independent quadratic forms. Assume that there is no linear change of variables in (r, s, t) after which P and Q both omit one of the variables. Then exactly one of the following alternatives holds.
(1) (P, Q) is non-degenerate, that is, both (1.7) and (1.8) hold. In this case, the sharp decoupling exponent is given by (1.10).
(2) (1.7) holds, but (1.8) fails. In this case, (P, Q) ≡ (rs, rt), and
(3) (1.7) fails, but (1.8) holds. In this case, either (P, Q) ≡ (r 2 , s 2 ± t 2 ), or (P, Q) ≡ (r 2 , s 2 + rt). In both subcases,
Theorem 1.1 combines several results. Our main result is the bound ≤ in (1.15) in the case (P, Q) ≡ (r 2 , s 2 + rt), which we repeat in Theorem 1.2 and discuss in more detail below.
The classification of pairs of quadratic forms is the content of Proposition 2.1. The upper bound ≤ in (1.14) in the case (P, Q) ≡ (rs, rt) is the content of Proposition 3.1. The upper bound ≤ in (1.15) in the case (P, Q) ≡ (r 2 , s 2 ± t 2 ) follows directly from the corresponding inequalities for the parabola (r, r 2 ), see [BD15] , and the surfaces (s, t, s 2 ± t 2 ), see [BD17b, Theorem 1.1]. Finally, examples that show the lower bounds ≥ in (1.10), (1.14), and (1.15) are discussed in Section 6.
For a pair of linearly independent quadratic forms (P, Q) in three variables that omit at least one variable (possibly after a linear change of variables), the sharp decoupling exponent is also given by (1.14). The upper bound follows from flat decoupling (A.5) and the decoupling inequality for two quadratic forms in two variables that was proved in [BD16] , similarly to the proof of Proposition 3.1. The lower bound follows from Proposition 6.1 with d = n = 2 when 2 ≤ p ≤ 6 (and from (1.9) when 6 ≤ p ≤ ∞).
1.3. The main decoupling inequality. Let us state the main new part of Theorem 1.1 more explicitly.
Theorem 1.2. Let S be the surface given by (r, s, t, r 2 , s 2 + rt). Then, for every > 0, we have
It is well-known that, for an integer s ≥ 1, the study of the decoupling constant D S (δ, p) with p = 2s is closely related to the problem of counting integer solutions to the Diophantine system x 1 + · · · + x s = x s+1 + · · · + x 2s , y 1 + · · · + y s = y s+1 + · · · + y 2s , z 1 + · · · + z s = z s+1 + · · · + z 2s , P (x 1 , y 1 , z 1 ) + · · · + P (x s , y s , z s ) = P (x s+1 , y s+1 , z s+1 ) + · · · + P (x 2s , y 2s , z 2s ), Q(x 1 , y 1 , z 1 ) + · · · + Q(x s , y s , z s ) = Q(x s+1 , y s+1 , z s+1 ) + · · · + Q(x 2s , y 2s , z 2s ).
(1.17) Indeed, let J S,s (N ) denote the number of integral solutions of (1.17), where all variables x i , y i , z i with 1 ≤ i ≤ 2s take values in {0, 1, . . . , N }. Then, by the argument in [BDGuth, Corollary 4 .2], we have
Theorem 1.1 implies sharp estimates on J S,s (N ) for every N and every s ≥ 1. For instance, if we take P = r 2 and Q = s 2 + rt, then Theorem 1.2 implies that
for every > 0. In particular, when s = 2 (which corresponds to p = 4), we have that J S,2 (N ) N 6+ . Notice that if we set x i = x i+2 , y i = y i+2 , z i = z i+2 for every i = 1, 2, then we obtain a trivial lower bound J S,2 (N ) ≥ N 6 . In this sense, the number of integral solutions to the system (1.17) still shows diagonal behavior when s = 2.
In Section 4, we will present a simple direct proof of the bound J S,2 (N ) N 6+ that relies on elementary counting methods, rather than decoupling inequalities. Such a bound on J S,s usually cannot be used to derive a sharp decoupling inequality, that is, a sharp bound on D S (δ, p). Nevertheless, some features of the counting argument in Section 4 remain visible in our proof of Theorem 1.2. We discuss this in more detail in Remark 4.2.
It is a bit surprising that the decoupling theory for the surface in Theorem 1.2 admits three different regimes. This is not reflected by the lower bounds for J S,s obtained by Parsell, Prendiville, and Wooley [PPW13] , since there is no even integer in the interval (4, 6) ⊂ R. For this reason, we discuss lower bounds directly for decoupling inequalities in Section 6.
In Theorem 1.1, we see that there are several different regimes for sharp decoupling exponents, and in case 3 of that theorem we see that equal decoupling exponents can arise in different ways. This can be seen as another indication that defining "curvature" (for instance in the spirit of the rotational curvature of Phong and Stein [PS86a; PS86b]) for surfaces of co-dimension two may be a very challenging problem. Currently, defining a curvature in this context seems still to be at the stage of considering concrete examples, see for instance Oberlin [Obe04] , Gressman [Gre19] and the references therein. In our case (P, Q) = (r 2 , s 2 +rt), the BCCT transversality condition would require (1.20) dim π r,s,t V ≥ 3 5 dim V for every linear subspace V ⊂ R 5 and almost surely in the sense of the Lebesgue measure in (r, s, t) ∈ [0, 1] 3 , where π r,s,t denotes the orthogonal projection onto the tangent space to the surface S above the point (r, s, t). This tangent space equals (1.21) V (r, s, t) = lin{(1, 0, 0, 2r, t), (0, 1, 0, 0, 2s), (0, 0, 1, 0, r)}, and one sees that the condition (1.20) is violated for
We deal with the failure of the BCCT condition by decoupling alternatingly in the coordinates r, t and in s. Roughly speaking, at certain stages of the proof, we will pick the scales of r and t carefully, so that the surface S behaves like a curve (s, s 2 ); at other stages, we will pick the scale of s carefully, so that S behaves like the surface (r, t, r 2 , rt).
How to pick these scales is crucial to the proof. Let us briefly describe the idea here. Let σ < 1 be small but much bigger than δ. Consider a frequency region where (r, t) takes values in a square of side length σ. Without loss of generality, assume (r, t) ∈ [0, σ] 2 . Then, on a spatial ball of radius σ −2 in R 5 , by the uncertainty principle, the surface (r, s, t, r 2 , s 2 +rt) has essentially the same behavior as (r, s, t, 0, s 2 ). Then one can apply a "small cap" (which may also be referred to as "small ball" depending on the context) decoupling inequality for the parabola (s, s 2 ) (Theorem 5.4) to decouple the frequency domain of s into small intervals of length σ 2 .
Next, we fix a frequency interval of s, say [0, σ 2 ], and try to decouple in r and t. It is natural to proceed in the following way: consider a spatial ball in R 5 of radius σ −4 . In this ball, by the uncertainly principle, the surface (r, s, t, r 2 , s 2 + rt) has the same behavior as (r, 0, t, r 2 , rt). If we had a small cap decoupling inequality, analogous to that for the parabola, that would allow us to decouple in r and t into an even smaller scale, say σ −4 , then we would be able to iterate this argument until we reach frequency scale δ, and obtain the desired decoupling inequality in L 4 .
Unfortunately, such a small cap decoupling inequality for the surface (r, t, r 2 , rt) is not available, see Example 5.6. Instead, we will apply a decoupling inequality associated with certain spatial rectangular slabs (Theorem 5.7). The use of rectangular slabs is crucial, and to our knowledge, has not previously appeared in the literature.
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Classification of pairs of quadratic forms in 3 variables
In this section we prove the classification part of Theorem 1.1.
Proposition 2.1. Let (P, Q) be a degenerate pair of linearly independent quadratic forms. Moreover, assume that there is no linear change of variables in (r, s, t) after which P and Q both omit one of the variables. Then exactly one of the following alternatives holds.
(1) (P, Q) ≡ (rs, rt),
The key step of proving Proposition 2.1 is the following result.
Lemma 2.2. For two general quadratic forms in 3 variables P and Q, Condition (1.7) is equivalent to
no non-trivial linear combination of P, Q is a complete square.
Proof of Proposition 2.1 assuming Lemma 2.2. The hypothesis that (P, Q) is a degenerate pair means that at least one of the conditions (1.8), (1.7) fails. Assume that (1.8) fails, that is, that the two quadratic forms P and Q share a common real linear factor. Without loss of generality, we may assume that the common factor is r. Then, up to a linear change of variables, there are two cases, (P, Q) = (r 2 , rs) or (P, Q) = (rs, rt). Here we used the assumption that P and Q are linearly independent. The former case is not admissible, as the t variable is omitted.
Suppose now that (1.8) holds and (1.7) fails. Then, by Lemma 2.2, we may assume P (r, s, t) = r 2 . Now consider Q(0, s, t), which is a quadratic form of two variables. First of all, we know that it cannot have rank zero, as otherwise Q(r, s, t) will share a common factor with P (r, s, t) = r 2 . Therefore, Q(0, s, t) can have rank either one or two. Making a change of variables in s and t, we may assume that Q(0, s, t) equals either s 2 ± t 2 (if it has rank 2) or s 2 (if it has rank 1). In the rank 2 case, we have
Here c 1 , c 2 , c 3 are real numbers. We now add multiples of P (r, s, t) = r 2 to Q(r, s, t) and complete squares. This process removes all the mixed terms in (2.2) and hence (P, Q) ≡ (r 2 , s 2 ± t 2 ). The case of Q(0, s, t) having rank one is similar, but one of the mixed terms cannot be removed, hence (P, Q) ≡ (r 2 , s 2 + crt). The coefficient c does not vanish, since otherwise (P, Q) would omit the variable t. Rescaling the variable t, we may assume c = 1.
Proof of Lemma 2.2. If some non-trivial linear combination of P, Q is of the form (u 1 r + u 2 s + u 3 t) 2 , then Condition (1.7) fails for that u.
Conversely, suppose that Condition (1.7) fails for some u = 0. Without loss of generality, we may assume u = (0, 0, 1). Write P = a rr r 2 + a ss s 2 + a tt t 2 + a rs rs + a rt rt + a st st and
Since all coefficients must vanish, we obtain
Replacing (P, Q) by suitable linear combinations, we may assume without loss of generality a rs = 0. We distinguish several cases. Case 1: b rs = 0. Then the equations simplify to
This shows that (a rr , a ss , a rt , a st ) and (b rr , b ss , b rt , b st ) lie in the same one-dimensional subspace of R 4 . Hence, subtracting a suitable multiple of Q from P , we may assume (a rr , a ss , a rt , a st ) = 0. But then P = a tt t 2 , and we are done. Case 2: b rs = 0. Then from the first two equations in (2.4) we obtain a rr = a ss = 0, and the remaining equations simplify to
Case 2.1: if a rt = a st = 0, then P = a tt t 2 , and we are done. Case 2.2: if exactly one of a rt , a st vanishes, then suppose without loss of generality a rt = 0 and a st = 0. Then from the last equation b rs = 0, contradiction. Case 2.3: both a rt = 0 and a st = 0. Then, multiplying the last two equations, we obtain
Since all a's don't vanish, this gives 4b rr b ss = b 2 rs . Hence b rr r 2 + b ss s 2 + b rs rs is a complete square. Making a change of variables only in (r, s), we may assume b rs = 0. Notice that we retain the relation a rs = 0 after this change of variables, since we have a rr = a ss = 0 in Case 2. Hence we are back in Case 1.
Sharp decouplings for the surface (r, s, t, rs, rt)
In this section, we will prove the upper bound in (1.14).
Proposition 3.1. Let S be the surface given by (r, s, t, rs, rt). Then, for every > 0, we have
Proof. By interpolation with orthogonality at p = 2 and a trivial estimate at p = ∞ (see (A.3)), it suffices to prove the case p = 6. First, we notice that
Our goal is to prove that (3.4)
For
By flat decoupling (A.5), we obtain (3.7)
. It remains to prove
If we fix t, then our surface is reduced to It is proved in Bourgain and Demeter [BD16] (see also [GZo19] , where this result is discussed from a more general perspective) that
for every > 0. The decoupling inequality (3.10) for the surface S , which is the restriction of S to a hyperplane, can be extended to the desired decoupling inequality 
A counting argument
Consider the Diophantine system (1.17) with P (x, y, z) = x 2 and Q(x, y, z) = y 2 + xz. In this section, we will give a direct proof of the estimate (4.1)
for every > 0, without invoking decoupling theory. Recall that this corresponds to the case p = 4 in Theorem 1.2, which is the most interesting case there. As mentioned in the introduction, the argument used in the following proof will shed some light on how to prove the related decoupling inequality in Theorem 1.2.
In the current situation, the system of equations (1.17) becomes
(4.
2)
The first and fourth equations in (4.2) imply that {x 1 , x 2 } is a permutation of {x 3 , x 4 }. Without loss of generality let us assume that x 1 = x 3 and x 2 = x 4 . Also keeping in mind that z 1 − z 3 = z 4 − z 2 , the last equation in (4.2) can then be written as
We now distinguish two cases: x 1 = x 2 and x 1 = x 2 .
Case 1: x 1 = x 2 . Then we have x 1 = x 2 = x 3 = x 4 and this is the only constraint on the x i variables. Similarly, the only constraint on the y i variables now becomes y 1 + y 2 = y 3 + y 4 , y 2 1 − y 2 3 = y 2 4 − y 2 2 .
(4.4)
Finally, the only constraint on the z i variables is the linear equation z 1 +z 2 = z 3 +z 4 . To summarize, this case leads to a contribution of N · N 2 · N 3 = N 6 to J S,2 (N ). Case 2: x 1 = x 2 . In this case we have two free choices among the x i variables. Suppose that x 1 , x 2 , x 3 , x 4 have been fixed.
Case 2.1: z 1 = z 3 . Then also z 2 = z 4 , so we may choose two of the z i variables freely. Suppose that z 1 , z 2 , z 3 , z 4 have been fixed. The remaining constraints are now y 1 + y 2 = y 3 + y 4 ,
(4.5) which gives two free choices of y i variables. Summarizing, this case yields a contribution of ≈ N 6 to J S,2 (N ). Case 2.2: z 1 = z 3 . This is the critical case. First note that there are ≈ N 3 valid choices of the z i variables. Assume that z 1 , z 2 , z 3 , z 4 have been fixed. It remains to analyze the constraints on the remaining variables y 1 , y 2 , y 3 , y 4 , which can be written as
We will now make critical use of the fact that all involved quantities are integers. Observe that necessarily y 1 = y 3 . Next, the first equation implies that y 2 4 − y 2 2 is divisible by y 1 − y 3 . Since also y 2 1 − y 2 3 is divisible by y 1 − y 3 , the second equation implies that y 1 − y 3 must divide C. Since C is N 2 , we have d(C) N for all > 0, where d(C) denotes the number of divisors of C. Let D be one of these divisors and suppose that y 1 − y 3 = D. We then have the constraints y 1 − y 3 = D, y 4 − y 2 = D, y 1 + y 3 + C D = y 4 + y 2 .
(4.7)
For each fixed D, there are N valid choices of y 1 , y 2 , y 3 , y 4 . Summarizing, this case gives a contribution of N 6+ to J S,2 (N ), for all > 0. Remark 4.2. Let us now mention the analogies between the above argument and the proof of the case p = 4 of Theorem 1.2 below. The distinction between the x's and z's from the y's in our solution counting argument above motivates us to decouple alternately in the (r, t) variables and the s variable (i.e. the alternate use of Propositions 5.2 and 5.3) in the next Section. The fact that solutions of (4.6) are counted for fixed x's and z's corresponds to the fiberwise estimate (5.25). Indeed, solutions are counted on the Fourier side of the decoupling inequality, so fixed second spatial variable in (5.25) corresponds to considering all y 1 , . . . , y 4 simultaneously in (4.2). The use of the quadratic system (4.6) for y 1 , . . . , y 4 corresponds to the use of the small ball decoupling inequality of the parabola (Theorem 5.4) in Proposition 5.2. The initial distinction between the cases x 1 = x 2 and x 1 = x 2 corresponds to the narrow/broad dichotomy in the Bourgain-Guth argument in the proof of Proposition 5.9 below, which will be run only in the r variable.
5. Sharp decouplings for the surface (r, s, t, r 2 , s 2 + rt)
In this section, we will prove Theorem 1.2. By interpolation (see (A.3)) with orthogonality at p = 2 and a trivial estimate at p = ∞, it suffices to prove the cases p = 4 and p = 6. For p = 6 we can use the same argument as in Proposition 3.1, so we will only consider p = 4. The strategy of the proof for this case is already sketched in the introduction and motivated in Remark 4.2. Therefore we will enter the proof directly.
Notation 5.1. For a dyadic number δ ∈ (0, 1) and a dyadic box α ⊂ [0, 1] 3 with side lengths at least δ, we use P(α, δ) to denote the partition of α into dyadic cubes of side length δ. For three real numbers k 1 , k 2 , k 3 , we use P (k 1 ,k 2 ,k 3 ) (α, σ) to denote a partition of α into rectangular boxes of dimension σ k 1 × σ k 2 × σ k 3 . We also write P(δ) = P([0, 1] 3 , δ) and P (k 1 ,k 2 ,k 3 ) (σ) = P (k 1 ,k 2 ,k 3 ) ([0, 1] 3 , σ) for brevity. Theorem 1.2 will be proved by iterating the following two propositions, which decouple in different coordinates.
Proposition 5.2. Let α 0 ∈ P (1,0,1) (σ). For each α ∈ P (1,2,1) (α 0 , σ), let g α be a function with
Then, for every > 0, we have
, uniformly in α 0 and g α .
Proposition 5.3. Let α 0 ∈ P (0,1,0) (σ). For each α ∈ P (2,1,2) (α 0 , σ), let g α be a function with Then, for every > 0, we have The Fourier support restrictions in (5.1) and (5.3) arise naturally in the proofs (see Remarks 5.5, 5.8 and 5.11 below), but it would be sufficient to prove the above results under the more restrictive conditions |σ |, |σ | ≤ σ 4 .
Propositions 5.2 and 5.3 exhibit translation-dilation invariance, which we will exploit systematically. For instance, in Proposition 5.2, if α 0 = (r 0 , s 0 , t 0 ) + [0, σ] × [0, 1] × [0, σ], then the affine map (5.5) L α 0 (ξ) := (ξ 1 +r 0 , ξ 2 +s 0 , ξ 3 +t 0 , ξ 4 +2r 0 ξ 1 +r 2 0 , ξ 5 +2s 0 ξ 2 +t 0 ξ 1 +r 0 ξ 3 +s 2 0 +r 0 t 0 ) maps the frequency neighborhood N . We iterate the following two estimates. Let k ∈ {0, 1, . . .} with δ ≤ σ 2k+3 . Given α ∈ P (2k+1,2k,2k+1) (σ), by a rescaled version of Proposition 5.2, we obtain
Given α ∈ P (2k+1,2k+2,2k+1) (σ), by a rescaled version of Proposition 5.3, we obtain
(5.10)
Let K be the largest integer such that δ ≤ σ 2K+1 . Using (5.8) and applying the estimates (5.9) and (5.10) for k = 0, . . . , K − 1, we obtain (5.11) It remains to prove Propositions 5.2 and 5.3, which will be our objective in the next two subsections. The key ingredients are a decoupling inequality on "small balls" for the parabola {(s, s 2 ) | s ∈ [0, 1]} and a decoupling inequality on "thin slabs" for the surface {(r, t, r 2 , rt) | (r, t) ∈ [0, 1] 2 }. The smallness and thinness of these balls and slabs are what allowed us to decouple certain frequency variables down to scale σ 2 in Propositions 5.2 and 5.3 when the other frequency variables are limited to an interval of length σ. This is crucial in letting us make progress, as we decouple in alternate coordinates in the above proof of Theorem 1.2. 5.1. Decoupling on small balls and proof of Proposition 5.2. We will need the following "small ball" decoupling inequality. The term "small ball" refers to the fact that it can be localized to spatial scale δ −1 , whereas the usual decoupling inequality (1.3) can only be localized to the larger spatial scale δ −2 . As a side note, optimal decoupling inequalities for the parabola at spatial scales between δ −1 and δ −2 were recently established in [DGW19] . In that paper, "small ball" decoupling inequalities are referred to as "small cap" inequalities. They mean the same thing: One features the spatial side of the problem, while the other features the frequency side. Here, we prefer the name "small ball", because in Proposition 5.3 we need a decoupling inequality similar in spirit that also features the spatial side of the problem.
Theorem 5.4 (cf. [GLY19, Lemma 4.2]). Let δ ∈ (0, 1) be a dyadic number, and for each θ ∈ P([0, 1], δ) let f θ be a tempered distribution on R 2 with
In [GLY19, Lemma 4.2], a version of Theorem 5.4 is stated for the extension operator. Although it is possible to deduce Theorem 5.4 from [GLY19, Lemma 4.2] by the argument in [BD17a, Section 5], it is preferable to observe that the proof continues to work at the level of generality in Theorem 5.4.
Proof of Proposition 5.2. By affine scaling, we may assume that α 0 = [0, σ] × [0, 1] × [0, σ]. The inequality (5.2) will follow from the fiberwise inequality (5.16)
with a constant independent of x 1 , x 3 , x 4 . The inequality (5.16) holds by Theorem 5.4, since for every choice of x 1 , x 3 , x 4 the Fourier support of (5.17)
is contained in an O(σ 2 )-neighborhood of a σ 2 -arc of the unit parabola in R 2 . Indeed, the Fourier support is contained in the projection of the right hand side of (5.1) to R 2 by omitting the first, third and fourth coordinate. Since |rt| ≤ σ 2 when (r, s, t) ∈ α 0 , the projection is contained inside {(s, s 2 + σ ) | |σ | ≤ 2σ 2 }, as claimed.
Remark 5.5. The above calculation of the projection shows that even if we had the stronger condition |σ | ≤ σ 4 on the right hand side of (5.1), the proof of Proposition 5.2 will not become easier: the projection of the right hand side of (5.1) will still only be in an O(σ 2 )-neighborhood of a σ 2 -arc of the unit parabola in R 2 (thanks to the contribution from the term rt). We would still need to use the small ball decoupling inequality in Theorem 5.4, since the goal was to decouple in the s coordinate down to scale smaller than σ.
5.2.
Decoupling on thin slabs and proof of Proposition 5.3. In view of the proof of Proposition 5.2, it would be natural to use a small ball decoupling for the 2-dimensional surface (r, t, r 2 , rt) in R 4 . If we had such a small ball decoupling, then we could hope to have the estimate (5.4) under the assumption that
One would then be able to finish the proof of Theorem 1.2 using the same bootstrapping argument. Unfortunately, as the following example shows, although such a small cap decoupling holds for the more "elliptic" surface (r, t, r 2 , t 2 ), it fails for its "hyperbolic" variant (r, t, r 2 , rt).
Example 5.6. For each θ ∈ P([0, δ 1/2 ] × [0, 1], δ), let f θ be such that f θ is a nonnegative smooth bump function with f θ = 1 supported in and adapted to a cube of sidelength ≈ δ contained in (5.19) {(r, t, r 2 + δ , rt + δ ) | (r, t) ∈ θ, |δ | ≤ δ, |δ | ≤ δ}.
For the remaining θ ∈ P([0, 1] 2 , δ)\P([0, δ 1/2 ]×[0, 1], δ), set f θ = 0. Then ∪ θ supp f θ is contained in a box of size ≈ δ 1/2 × 1 × δ × δ 1/2 . Hence, | θ∈P([0,1] 2 ,δ) f θ | δ −3/2 on a slab of dimensions ≈ δ −1/2 × 1 × δ −1 × δ −1/2 centered at the origin, and it follows that
On the other hand,
much smaller than δ −2 .
The above example shows that we do not have a small ball decoupling for the surface (r, t, r 2 , rt) in R 4 . Instead, we will prove a slightly weaker result, which we call "decoupling on thin slabs", since it can be localized to thin slabs of size
For a dyadic rectangle R ⊂ [0, 1] 2 , we let P(R, δ) be the partition of R into squares of side length δ. We denote by V(δ) the smallest constant such that, for every collection of functions g α indexed by α ∈ P([0, 1] 2 , δ) with
the following inequality holds:
.
Theorem 5.7. For every > 0 and every dyadic δ ∈ (0, 1), we have
Proof of Proposition 5.3 assuming Theorem 5.7. By affine scaling, we may assume α 0 = [0, 1] × [0, σ] × [0, 1]. By Fubini's theorem, it suffices to show the fiberwise inequality (5.25)
, uniformly in x 2 . This follows from Theorem 5.7 with δ = σ 2 , because for each fixed x 2 the Fourier support of (5.26) g α (·, x 2 , ·, ·, ·)
is contained in the projection of the Fourier support of g α modulo the second coordinate, and this projection satisfies an inclusion of the form (5.22) because s 2 ≤ σ 2 when s ∈ [0, σ].
Remark 5.8. The above calculation of projection explains the condition |σ | ≤ σ 2 on the right hand side of (5.3), and hence the condition |δ | ≤ δ in (5.22), in the same spirit as in Remark 5.5. The importance of the condition |σ | ≤ σ 2 on the right hand side of (5.3) and the condition |δ | ≤ δ 2 in (5.22) can be seen in the proof of Theorem 5.7, as will be explained in Remark 5.11 below.
5.3.
Proof of decoupling on thin slabs. Theorem 5.7 will follow from Proposition 5.9. For each > 0, there exists K > 0 such that for any δ ∈ (0, 1)
where C K is a constant depending only on K.
Proof of Theorem 5.7. By iterating the result in Proposition 5.9, ( −1) log δ log K -many times (assuming without loss of generality that this is a positive integer), we obtain
by the triangle inequality and Hölder's inequality.
It remains to prove Proposition 5.9. We will apply a bilinear method, together with a Bourgain-Guth type argument [BG11] . We need the following bilinear estimate.
Lemma 5.10 would in fact still work under the more relaxed Fourier support assumption |δ | ≤ δ in (5.22).
Proof of Lemma 5.10. By Plancherel's theorem,
We claim that the collection
has overlap bounded by a constant depending on K: if β 1 , β 3 ∈ P(R 1 , δ) and β 2 , β 4 ∈ P(R 2 , δ), and (r i , t i ) ∈ β i for i = 1, 2, 3, 4 are such that (5.33) (r 1 , t 1 , r 2 1 , r 1 t 1 ) + (r 2 , t 2 , r 2 2 , r 2 t 2 ) = (r 3 , t 3 , r 2 3 , r 3 t 3 ) + (r 4 , t 4 , r 2 4 , r 4 t 4 ) + O(δ), then the distances between β i and β i+2 are O(K 2 δ) for i = 1, 2.
The geometric reason for this is that the pieces of the surface (r, t, r 2 , rt) with (r, t) restricted to R 1 and R 2 , respectively, are transverse. Indeed, if (r 1 , t 1 ) ∈ R 1 and (r 2 , t 2 ) ∈ R 2 , then for bases of tangent spaces at these points we have
However, it is formally easier to verify the bounded overlap property of the collection (5.32) algebraically. Suppose that (5.33) holds. Looking at the third component of (5.33), we obtain
(5.35)
Since |r 2 + r 4 − r 1 − r 3 | 1/K, it follows that r 2 − r 4 = O(Kδ). Similarly, r 1 − r 3 = O(Kδ). Looking at the fourth component of (5.33), we obtain
(5.36)
Since |r 2 − r 1 | 1/K, it follows that t 2 − t 4 = O(K 2 δ). Similarly, t 1 − t 3 = O(K 2 δ). This shows that the collection (5.32) has bounded overlap. Therefore,
. By Plancherel's theorem and Hölder's inequality, this implies
(5.38)
This completes the proof of Lemma 5.10.
Proof of Proposition 5.9. Let K > 0 be a large number that is to be determined. For
We define (5.39)
For each x ∈ R 4 , we define the significant part
Note that C(x) = ∅ unless j G j (x) = 0. By considering two possible cases |C(x)| ≥ 3 and |C(x)| ≤ 2, we obtain
which implies, if |C(x)| ≤ 2, that j / ∈C(x) G j (x) ≤ 2 9 max j |G j (x)| and hence (5.43)
Raising both sides of (5.41) to the fourth power and integrating in x, we obtain .
In order to conclude the proof, it suffices to show that, for each j = 0, . . . , K − 1, we have
and take K large enough so that C ≤ K .
By an affine transformation, we may assume without loss of generality that j = 0. We define the scalings:
. Note that L scales [0, 1] 2 to the strip R 0 . The map L is chosen so that L is the restriction of L to the first two coordinates, and so that L leaves the surface (r, t, r 2 , rt) invariant.
For each β ∈ P([0, 1] 2 , Kδ), we define a function H β by
Then, .
Changing back to the original variables and applying flat decoupling (A.5), we obtain
where we used that |P(L (β), δ)| = K in the last step. This finishes the proof of (5.46).
Remark 5.11. We have already seen, at the beginning of Subsection 5.2, that one could not replace the condition |δ | ≤ δ 2 on the right hand side of (5.22) by |δ | ≤ δ and still hope to prove Theorem 5.7. It may be helpful to see what goes wrong in the proof of Theorem 5.7 if we had the condition |δ | ≤ δ 2 instead. In that case, when we rescale, on the right hand side of (5.48), we would only get |δ | ≤ K 2 δ, which would not allow us to close the induction on scale argument. This signifies the advantage to decouple on thin slabs as in Theorem 5.7.
Lower bounds
In this section, we prove lower bounds for decoupling constants defined in (1.3). In the case when p is an even integer, such bounds were proved for the related problem of bounding multidimensional Vinogradov mean values in [PPW13, Theorem 3.1]. However, the construction given there does not detect the optimality of the bound (1.16) for p ∈ (4, 6). Proposition 6.1. Let Q 1 (t), . . . , Q n (t) be quadratic forms in d variables. Suppose that Q 1 , . . . , Q n do not depend on t d +1 , . . . , t d for some partitions n = n + n and d = d + d . Let K := d + 2n .
Let S be the surface defined in (1.1) and let D S (δ, p) be the associated decoupling constant, defined in (1.3). Then, for 2 ≤ p < ∞, we have
We postpone the proof of Proposition 6.1 till the end of this section and indicate how it recovers the lower bounds in [GZo19, Section 1.5].
Corollary 6.2. Let Q 1 , . . . , Q n be quadratic forms in d variables and K := d + 2n. Let S be the surface defined in (1.1) and let D S (δ, p) be the associated decoupling constant, defined in (1.3). Then, for 2 ≤ p < ∞, we have (6.2) D S (δ, p) max(δ −d(1/2−1/p) , δ −d(1−1/p)+K/p ).
Proof of Corollary 6.2 assuming Proposition 6.1. The hypothesis of Proposition 6.1 clearly holds for arbitrary quadratic forms Q 1 , . . . , Q n with either d = n = 0 or d = n = 0.
By considering functions f θ of tensor product form, we also obtain the following lower bound. Lemma 6.3. In the situation of Corollary 6.2, if V ≤ R d is a linear subspace, Q j := Q j | V , j = 1, . . . , n, are restrictions of Q j 's to V , andS is the surface (6.3) {(t,Q 1 (t), . . . ,Q n (t)) | |t| ≤ 1}, then (6.4) D S (δ, p) DS(δ, p).
Now we can justify the lower bounds on the sharp decoupling exponents in Theorem 1.1.
For surfaces (1.4), we have d = 3 and K = 7. Hence, (6.2) above implies the lower bounds (6.5) D S (δ, p) max(δ −3(1/2−1/p) , δ −3+10/p ).
This shows the lower bounds on sharp decoupling exponents in (1.9). In case 2 of Theorem 1.1, assume without loss of generality that (P, Q) = (rs, rt). Then we apply (6.4) for the subspace given by r = 0. On this subspace, we apply (6.2) withd = 2 andK = 2. This gives the additional lower bound (6.6) D S (δ, p) δ −2(1−1/p)+2/p = δ −2+4/p .
In case 3 of Theorem 1.1, assume without loss of generality that P = r 2 . Applying (6.1) with d = 1 and n = 1, we obtain (6.7) D S (δ, p) δ −1·(1/2−1/p) δ −2·(1−1/p)+4/p = δ −5/2+7/p . This shows the middle lower bound in (1.15).
Proof of Proposition 6.1. Write points in R d+n as (x , x , y , y ) ∈ R d +d +n +n . For θ ∈ P(δ), write θ = θ × θ . Choose functions f θ of the form f θ = g θ (x , y )h θ (x , y ) with the following properties
(1) g θ and h θ are positive smooth functions, (2) g θ = h θ = 1, (3) g θ is supported in a ball of radius ≈ δ 2 , (4) f θ is supported in and adapted to a rectangular box of dimensions (6.8) δ 2 /10 × · · · × δ 2 /10 d times × δ 1 /10 × · · · × δ 1 /10 d times × δ 2 /10 × · · · × δ 2 /10 n times inside the set (1.2).
Note that g θ depends only on the projection of θ onto R d +n , whereas h θ has to depend on θ because of the geometry of the set (1.2).
On one hand, f θ p ∼ δ −(2d +d +2n)/p , and by definition we have (6.9) 
